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to right along each row and then down along the column.

Fig. 7. Sequential screenshots of locally-optimal formation of 3 DD-WMRs with regional constraints moving along a circular trajectory (sub case A) — from left
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Fig. 8. Variation of the locally-optimal relative-formation parameters with regional constraints for a system of 3 DD-WMRs moving along a circular trajectory (sub

case B): (a) optimal angles B; and (b) optimal radii p;, fori =1, 2, 3.

the velocity field induced by the virtual structure (and hence in
general differs from the angular velocity wg of team-fixed frame
{Mo}).

For any given path, relative configurations p; induce differ-
ent motion plans (with different performance characteristics)
for individual mobile robots as they move in formation towards
the final goal. We evaluate the performance of these different
configurations using performance measures developed from the
left invariant metrics discussed in Section 2.4 and use them to
optimize the relative formation layout as discussed in the next
two sections.

3.3. Individual/team performance measures

The precursor to any formation optimization is the
evaluation of performance of the individual robot/team as
it traces a given trajectory. Any convenient and physically
relevant performance measure defined in the space of twists
would serve to develop performance measures. Energetics is
always an important consideration for overall viability and

energy-efficiency of any deployed solution (and provides the
underlying practical motivation). Hence, in this paper, we
specialize the left invariant metrics in Eq. (9) to se(2) as:

a B B
Wer=1|8 v O (14)
B 0 y

JZZZ»I' ,B =0and y = % yields the kinetic

energy metric Wk g by which E; = (tiT)WKEti = %(Jzz,ia)? +
mivl.z) corresponds to the kinetic energy of each mobile robot
(in its own frame {M;}). However, this measure is not the
only one possible — alternate performance measures such as
manipulability or stability may also be easily considered within
this framework. Team-based performance metrics can now be
obtained by aggregating the performance measures obtained
from the N individual robots as:

N
E:ZEi.

i=1

By setting o =

5)
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Fig. 9. Sequential screenshots of locally-optimal formation of 3 DD-WMRs with regional constraints moving along a circular trajectory (sub case B) — from left
to right along each row and then down along the column.

These performance metrics, in individual form or aggregated =~ We note that the above performance metrics are instantaneous
form, can then be used to optimize the relative positions of a  measures and permit a local formation optimization (at a
robot within the overall formation for performing a given task. given time-instant/position). However, these measures may be
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Fig. 10. Non-screw (sinusoidal) motion results without regional constraints: (a) desired team-frame trajectory; (b) computed curvature vs arc length; (c) optimal

radii vs arc length; and (d) optimal polar angles vs arc length.

integrated over the entire motion to yield a global performance
measure as:

ty ty N
Epatn = fo E(r)dr = fo > i @) Wipti(s(@)dr (16)
i=1
which can be used to optimize the formation for an entire

prescribed/known trajectory.

In general, the computation of the formation kinetic energy,
as the team-frame follows a desired trajectory, needs to
be performed numerically. However, for certain types of
parameterized curves, an analytical expression for some of the
curve invariants and thence the kinetic energy may also be
obtained. We will make use of the availability of such analytic
results for these special motions to help validate our otherwise
numerical implementation.

3.4. Analytical computation of optimal layout

An analytical expression for the instantaneous kinetic energy
of an individual mobile robot may be developed based on the
geometry of the problem as shown in Fig. 2. We note that the
origin O; of mobile robot frame {M;} is at a distance p; and
angle B; relative to the team fixed frame {My}. The curvature «
of the curve at a point is the inverse of the radius of curvature
of the path at that point and thus the location of the ICR O, is

(0, 1/x). Using the cosine rule gives:

1 2p; b4
10 0cl? = p? + = — L cos (B = 5)
K K 2

L 2p
=p? + - - = sin(B;). (17)
K K

The scalar expression for the kinetic energy for the individual
DD-WMR (using the Decoupled Kinetic Energy Metric) can be

written as:
O1x2 || i
milyx2 | | vi

U (T 1" [ Vee
T 1 22,1
(1) KE?% 2 ([vl} [02><]

1
= 5<Jzz,,-||a>i||2 +mi[lvi[1%).

E;

(18)

Using Egs. (13), (15), (17) and (18), the aggregate team kinetic
energy can be obtained as:

= P = — V- m; .
L T T\ T 20 — 2o sin(By)

19)

The formation variables p;’s and f;’s serve as the design
variables in an optimization problem with a parameter vector
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Fig. 11. Variation of the locally-optimal relative-formation parameters for a system of 3 DD-WMRs with regional constraints moving along a sinusoidal trajectory
(numerically computed): (a) optimal angles f; and (b) optimal radii p;, fori =1, 2, 3.

& composed as:

T
g=[p" 8] =lor o2 Br o T (20)

Typically, solutions for constrained multivariable design
optimization problems can be found only by numerical
methods. However, in order to obtain a greater insight, we
examine a series of one-dimensional optimization problems
taking one optimization variable at a time (while assuming the
other variables constant) to study the effect on the objective
function. For these simpler problems, the conditions for
minimizing the kinetic energy of an individual WMR can now
be derived analytically. For example, for a constant p;, by
setting % = 0, the optimal B for minimum value of the
energy may be computed as:

P T
B =7 @1

Similarly, for a constant S;, by setting g_,f» = 0 the optimal p}*
may be computed as:
. sin(B) o)

! K

Typically, «(s) is a function of the path variable s and can only
be computed numerically. However, for certain special paths,
we note that « (s) has either a constant value or an analytically-
tractable expression in terms of this path variable. Thus, for
these special cases closed-form analytic expressions for optimal
values of the design variables may now be found.

3.5. Regional constraints

Intuitively, the optimal solution under the kinetic energy
metric is obtained when each individual DD-WMRs is closest
to the ICR — however, this may cause all DD-WMRs to gather
in a small space. Hence, additional “regional” constraints,
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Fig. 13. Variation of locally-optimal relative-formation parameters for a system of 3 DD-WMRs with regional constraints moving along a general trajectory
(numerically computed): (a) optimal angles f; and (b) optimal radii p;, fori =1, 2, 3.

numerically. Such a problem can be formulated as:

N
msin > E (23)

i=1

subject to:

Pmin = Pi = Pmax
Bi,min < Bi < Bi,max

where the objective function is the aggregated instantaneous
kinetic energy of the overall formation. The key steps in the
numerical computation of the kinetic energy at various points
along the trajectory include:

(24)

o Interpolating the given data points and extracting the critical
parameters of a Frenet-Serret frame, the curvature « (s(?))
and the speed $(¢), moving along this trajectory.

e Relating these geometric curve invariants to the body-fixed
twist (angular and linear velocities) of a team-frame {My}
that moves along with the Frenet-Serret frame.

e Computing the velocities of the origins of the frames {M;}
on the individual DD-WMRs as Movi = Mo v +dop; Where
Movo =[1 0 O]T and &y = [2 70'(] to ensure that the
team-frame { My} remains coincident with this Frenet-Serret
frame.

e Computing the angular velocity w; of individual mobile
robots as w; = || Movi I/110; Oc|l, where ||O; O.| is the
distance between the origin O; of frame {M;} and the center
of the instantaneous circle O..

e Calculating the instantaneous performance measure E; =
(tiT) WkEgti = %(Jzz)iwiz + m; vl.2) for a given instant in time.

The design variables are defined in Eq. (20), and the
constraints are the regional boundaries for the optimization
variables developed in Section 3.5. This numerical formation
optimization is implemented in MATLAB using the finincon
function, provided in the Optimization Toolbox, for constrained
nonlinear optimization. The routine uses a Sequential Quadratic
Programming (SQP) method with BFGS to update the Hessian
of the Lagrangian at each iteration. Auxiliary constraints are
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Fig. 14. Screenshots of the formation of 3 DD-WMRs with regional constraints optimized locally at different times while moving along a general motion trajectory

(obtained numerically).
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applied to the problem by appending them to the objective by
way of Lagrange multipliers. A GUI interface (see Fig. 4) was
also developed to allow the user to easily specify the optional
parameters and to present the results in a visual format.

5. Local formation optimization case studies

We now examine the formation optimization of a team of
three DD-WMRs following three types of motion trajectories:
(a) screw motions; (b) sinusoidal motions; and (c) general
motions. For purposes of illustrating analytical results and
validation, we assume that motion trajectories have a time
parameterization such that s = 1 for the entire duration of the
motion (which implies that the followed trajectories admit a
natural arc-length parameterization).

Under such conditions, the first two types of motion-
trajectories yield closed-form analytical expressions for the
geometric invariants in the problem and thereby for the final
expression for the kinetic energy. This then sets the stage for
an analytic computation of optimal values for p; and B; for
the first two types of motion trajectories. Simultaneously the
numerical optimization problem described in Eq. (24) can also
be performed and its results validated against the closed-form
analytical results (for the first two motion-studies) prior to its
use for a general motion-trajectory.

5.1. Screw motion

Screw motions are a special class of motions such that
the instantaneous twist at any point along the motion remains
a constant, i.e. w; and v; are constants. This broad class
encompasses all circular motions (and straight lines as the
limiting case). Fig. 5 shows the results for a formation moving
in a screw motion using the kinetic energy metric.

The formation moves along a circular trajectory of radius
1 m centered at (1 m, 0.5 m) in counterclockwise direction
completing 1 revolution in 2w seconds as shown in the first
subplot. The second subplot depicts «(s) vs. s which is a
constant for a screw motion trajectory — for a given unit
velocity of team-fixed frame (||v] = 1 m/s) we can compute
o = 1rad/s, and, so k = 1 m~!. The third subplot depicts

the optimal values for p;" (s) = % which are constant for
a given value of B; (the different lines correspond to varying
values of B;). Finally the fourth subplot corresponds to the
optimal value :35* % (which is constant irrespective of p; (s)).

Intuitively, minimization of instantaneous kinetic energy
implies that the DD-WMRs try to come as close as possible
to the ICR while orienting themselves such that the line passing
through the axle of the two wheels now passes through the ICR.
However, when constraints are placed on the feasible values of
these parameters the optimal value now lies on one or more of
the constraint boundaries. Hence at this point we examine two
subcases to study the effect of imposing regional constraints (in
terms of the upper and lower limits on p;’s and §;’s as shown
in Table 1).

In the first subcase, the center of the circular trajectory
(which is the fixed ICR for the entire trajectory) lies outside
the feasible regions of all 3 DD-WMRs. Fig. 6 depicts
the corresponding parameters of the optimal formation that
minimizes the team’s kinetic-energy at each instant of time. The
optimal values all occur at the boundaries of the feasible region
with one (or more) active constraints and remain unchanged
along the entire screw motion. Fig. 7 illustrates this aspect using
a sequence of screenshots of the formation as it maneuvers
along the circular trajectory.

In the second subcase, the center of the circular trajectory
lies inside the feasible region of one of the DD-WMRs. Fig. 8
depicts the time-history of the parameters of the optimal-
formation that minimizes the energy metric (numerically
determined). As expected, the optimal location of the
corresponding DD-WMR occurs at the ICR (and not at the
boundary of the feasible region) while all others attempt to
come closest to the ICR. This is illustrated in the sequence
of screenshots shown in Fig. 9 as the formation traverses the
circular trajectory where once again we note that the optimal
configuration remains unchanged for the entire screw motion.

5.2. Sinusoidal motion

Fig. 10 depicts the results obtained for the case where the
team-fixed frame travels along a sinusoidal path along the x-
axis of the inertial frame with a constant linear speed s = 1.
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Fig. 16. Screenshots of the formation of 3 DD-WMRs with regional constraints optimized globally at different times while moving along a sinusoidal motion

(obtained numerically).

An analytical equation for the curvature « (s) exists and can be
written as:

vw? sin(ws)
1 4+ v2w? cos?(ws)

k(s) = 25)

This expression is graphically shown in the second subplot
of Fig. 10. Further, from Eq. (22), we note that as k — 0,
p;“ (s) — oo, which is reflected in the third subplot. However,
note that we limit the value of p7(s) to 2. The fourth subplot
depicts the fact that optimal values for (s) for a constant
radius p; always remains unchanged at % rad = 90°.

However, the imposition of regional constraints (shown in
Table 1) alters the values of the relative optimal parameters
— Fig. 11 shows the values for the optimal parameters as
a function of arc-length while Fig. 12 shows sequences of
screenshots as the formation travels along the sinusoidal curve.
We see that the location of the corresponding DD-WMR
coincides with the ICR as it enters a feasible region. At all other

times the DD-WMRs attempt to come closest to the ICR while
orienting themselves such that line through the axle passes
through the ICR. This fluctuation is particularly pronounced
when the curvature changes sign causing the ICR to switch
sides.

5.3. General motion

For general motions « (and therefore w) are not constants
but functions of parameter s(z). While analytical expressions
for k(s) may be difficult to obtain, it is always possible to
numerically compute these values for any given path. Fig. 13
shows the values for the optimal parameters as a function
of arc-length while Fig. 14 shows sequences of screenshots
as the formation travels along a general path. However,
such constantly-changing formation layouts are not viable for
payload transport applications and therefore we will consider
global optimization the next section.









